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Abstract 

Using non chiral supersymmetry in 6D space time, we compute the explicit ex- 
pression of the metric the scalar manifold SO (1, 1) x 30^^x^30(20) of the ten dimen- 
I sional type HA superstring on generic K3. We consider as well the scalar field self- 

i couplings in the general case where the non chiral 6D supergravity multiplet is cou- 

^ ! pled to generic n vector supermultiplets with moduli space SO (1, 1) x sof^^sO(n) • 

^ , We also work out a dictionary giving a correspondence between hyperKahler ge- 

, ometry and the Kahler geometry of the Coulomb branch of lOD type HA on 

O ■ Calabi-Yau threefolds. Others features are also discussed. 

Key words: type H superstring compactification, black attractors, Kahler and hy- 
^ . perKahler geometry, harmonic superspace. 

1 Introduction 

At Planck scale, ten dimensional type IIA superstring compactification on K3 is described 
by non chiral M = 2 supergravity in six dimensions |l]-[5]. There, the dynamical degrees 
of freedom come into two kinds of supersymmetric multiplets: 

(1) the gravity multiplet Q^o"^ consisting of 32 bosonic and 32 fermionic propagating 
degrees of freedom. The propagating bosonic fields are: 
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They describe respectively the gravity field (7^,^, the antisymmetric gauge field Bfj,,y, four 
Maxwell type gauge fields A^^, a = 1,2, 3, 4, and the dilaton a. 

(2) twenty Maxwell type supermultiplets {V((£)^^=2}i<7-<20 having 20x8 bosonic and 
20x 8 fermionic propagating degrees of freedom. The 6D bosonic fields content of these 
supermultiplets consists of 

that is twenty gauge fields A^^, capturing a local U"^^ (1) gauge invariance, 

4 A^ + d,^' , (1.1) 

with gauge parameters Lp^; and eighty real scalar {0''^} parameterizing the real eighty 
dimensional manifold 

•^80 - 5O(4)x5O(20) ' ^™ "^80 " . 

The dynamical scalar fields of the non chiral 6D M = 2 supergravity theory that we will 
deal with are then |cr,0"'^}; they transform in the following particular representations 
of the SO (4) X SO (20) isotropy symmetry P [7], 

^ ~ (1,1) , ~ (4,20) . 

Generally, instead of ~ (4, 20) , these scalar fields may be thought of as (jf^ ~ (4, n) 
parameterizing, together with a, the following typical moduli space family [8] involving 
a generic number n of Maxwell supermultiplets, 

M^^=2 = SO {1,1) xQ,^ . 

The real dimension of iW^^ is equal to (1 + An); the case of lOD type IIA superstring 
on K3 corresponds obviously to r?, = 20. For generic 6D Af = 2 supergravity models, the 
integer n can however be any positive number; n > 1. The leading term of the family is 
particularly remarkable since, as we will show, corresponds to the well known real four 
dimensional Taub-NUT geometry. 

In this paper, we freeze the dilaton a {da = 0) and study the interacting dynamics 
of the real scalars cp""^ that parameterize the real dimensional scalar manifold 

^ ^ 50(4,n) 

*^4n SO{4)xSO(n) ' 

with generic integers n > 1. We use rigid non chiral supersymmetry in 6D space time 
to determine the explicit expression of the scalar field couplings of the non linear sigma 
model that governs the dynamics of the scalars fields (j)""^ . Besides the hyperKahler 
geometry of the underlying non linear sigma model, the knowledge of the scalar fields 
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self- couplings associated with Q^^^ is important for the study of the BPS and non BPS 
attractors in non chiral 6D supergravity |6l [3, El [9]. The interacting dynamics of the 
dilaton a with the scalar field (p""^ is recovered as usual; it will be implemented at the 
end of this work. 

Having introduced the basic ingredients and the main objective of this study; the question 
that we have to answer is how to get the (p""^ self-interactions. To that purpose, we shall 
proceed in three main steps as follows: 

(a) Introduce a complex representation to deal with 

Instead of working with the real coordinates cp"'^ , we use rather 2n complex fields 
given by the doublets 

f^^(x) ~ (2,n) , Ua{x) ~ (2,n) , 

and transforming in the fundamentals of the group SU (2) x U (n). In using this complex 
representation, the above family of real manifold Q^^ S^ts replaced by the complex 
2n manifold family 

TT _ U{2,n) rf\ 

-"2n — U{2)xU{n) ' y^'^) 

In addition to the power of complex analysis, this representation allows to exhibit man- 
ifestly the [/""(I) gauge symmetry f 1 1.1 1) by performing phases change in the complex 
fields P^. The c/)"'^ are real since they describe matter in adjoint representation of the 
gauge symmetry (adjoint matter for short). 

(b) Supersymmetry as a basic invariance 

Besides fermions, the 6D J\f = 2 Maxwell multiplet Vqd,n=2 has, in addition to the gauge 
field Af_i, the four real scalars 0", which now on should be thought of as. 

To study the geometry (scalar fields self-couplings) of the scalar manifold parameterized 
by these scalars, it is interesting to split the gauge supermultiplet V6d,a/'=2 in terms of 
Af = 1 supermultiplets as given below 

where VeD,M=i is the 6D Af = 1 Maxwell multiplet and 'Hqd,n=i is the hypermultiplet. 
Notice in passing that the same approach is used in dealing with the Kahler geometry 
of the Coulomb branch of the M = 2 supergravity theory. 

(c) HSS method to get the explicit expression of the metric 

In the i/armonic S'uperS'pace {HSS) method [10]-[20], the n hypermultiplets {Tig^, jv=i}^<j<2o 
are adequately described by the superfields (^^^ and their conjugate 

^ (^^^ ^ ^A = ^A [^^ ' 
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where x, 9^ = ufO^ and uf stand for the space time coordinates, the Grassmann variables 
and harmonic variables respectively. The HSS superfields and $^ transform in the 
fundamental representations of the U (n) isotropy symmetry of (11.21) . 
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Notice in passing that the and description of hypermultiplets as well as their 
general self-interactions are well established in literature on harmonic superspace [21j : 
see also [22]- [31] for related matters. The HSS superfield action describing hypermultiplet 
interactions has the typical form S = J d^xL [x] with 

L {x) = duC {x, u) 

where D^~^ is the usual harmonic derivative. The first term of the right hand side 
of the second relation may be thought of as the Kinetic term and stands for the 
hypermultiplet self interactions. 

Here, we will use known results on HSS method and the prepotential derived in |9j to deal 
with the interacting dynamics associated with the manifold (11.21) . This dynamics 
is given by the Lagrangian super-density C^^, 



with 



1% (1-5) 

The real symmetric matrix A/j describes the superfield coupling constants and the H^^s 
are the Cartan generators of the U (n) isotropy group of eq( 11.2p . Notice that for the 
particular n = 1 case, eq (ll.4l) gets reduced to 



;i.6) 



which is nothing but the HSS hypermultiplet model that describe the real 4 dimensional 
Taub-NUT geometry [32]. The successive integration of eq (]1.6p first with respect to the 
Grassmann and then with respect to the harmonic variables lead to 

L, (f ,f) = g^^d^Pd^P + g''d,Ud^I, + 2/i^a^f a%- (1.7) 
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with 

9" = tfei«'- . (1-8) 

Af = *| (1 + Atf) - t (^W. , 

where A is a real couphng constant. For generic n > 1; the Lagrangian density (11.71) 
extends as 

(f,f) = g.AjBd.i'^d'-i''' + g'^'^'d^lAd^ljB + 2hl2d^f''d%B. (1.9) 
The main purpose of this paper is to first compute exphcitly the metric components 

9iAjB = 9iAjB (f if) ) 

giAjB ^ ^^^^■^(f,f) , (1.10) 

We also give a dictionary drawing the correspondence between the Kahler geometry of 
lOD type llA superstring on Calabi-Yau threefolds and the hyperKahler geometry of 
lOD type IIA on K3. 

The organization of this paper is as follows. In section 2, we describe some basic tools. 
In section 3, we study the 4D hyperKahler Taub-NUT geometry as it is the leading term 
of the family 5*0 (1, 1) x H2n- In section 4, we study the quaternionic 2- form and derive 
the HSS prepotential. In section 5, we consider the real dimensional generalization 
of the Taub-NUT supersymmetric model and in section 6 we derive the hyperKahler 
metric with (1) abelian symmetry. In section 7, we give the conclusion and make a 
discussion concerning the correspondence between Kahler and hyperKahler geometries. 
In sections 8 and 9, we give two appendices A and B where technical computations are 
presented. 

2 Basic tools 

In this section, we describe the three following points: (1) The mapping from the real 
fields 0j to the complex and liA- (2) Supersymmetric representations in 6D [33] and 
reduction down to 4D. (3) Harmonic superspace method {HSS). 

2.1 From real 0j to the complex (P^^jfi^) 

With the objective to use HSS method to get eq fll.lOl) . it is interesting to work with the 
complex field coordinates and iiA rather than the real fields 0^. Below we show how 
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this mapping can be obtained. 

First notice that 0" is in the (4, n) bi-fundamental representation of 5*0(4) x SO{n) 
group. Using the property SO {4) ~ SU (2) x SU (2) and the usual Pauh 2x2 matrices 
a'^j, we can put in the equivalent form with 0" = Yl'ij=i ^ij^P^i ■ 
Second, using (py , the mapping from these real scalars to the complex fields f*^ and fiA 
is given by the following relation [9], 



Tr([ffcW]) , J = l,...,n . (2.1) 



where Tr ([ffcif/P]) stands for 



iB 



Z fkA{Hi)^f''' = hHjP , / = l,...,n . (2.2) 

A,B=1 

In this relation, the complex field coordinates and fiA are in the bi-fundamentals of 
the isotropy group SU (2) x U (n) of the moduli space of the Coulomb branch of the 
supergravity theory. The n x n matrices {H^^ are the Cartan generators of the U (n) 
group satisfying the usual properties, 

{H^y = , {H^ = H . ^ ' 

The n X n hermitian matrix H stands for H = X]/=i fi-^' with tpj G M, where the 
real functions (fj are the abelian [/" (1) group parameters. The reality condition of the 
adjoint matter, [(j)^) = \ follows directly from 

W)=Ua , {Hjy = Hj . (2.4) 

Third, it is interesting to notice that the change from the real field coordinates 0" to the 
complex P"^ and Iia is not uniquely defined. Indeed under the change 

f — .q=e*^f , f — .q = fe-*^ , (2.5) 

or more explicitly by exhibiting the indices, 

fkA kA _ (piH\^ tkB 

i ^q \^ ' (O a\ 

IfeA ^ QfcA - ifcB (e , 

where H is as in (12. 3p . the mapping (12.11) remains invariant 

Tr (q,i7,qO = Tr (f^i/.f ) . (2.7) 

Therefore the field change (12.11) has a [/" (1) gauge symmetry which can be promoted 
to the local gauge symmetry (II. ip of the Coulomb branch of the non chiral 6D M = 
2 supergravity theory. Since, we are not interested here by the gauge-hypermultiplet 
interactions, we then restrict our attention below to global invariance. 
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2.2 Supersymmetry 

The moduh space of non chiral M = 2 supergravity muhiplet coupled n Maxwell 
gauge supermultiplets has the form 



SO{i,n) 
50(4)x50(n) 



SO {1,1) , (2i 



where the factor SO (1,1) is parameterized by e°" with a standing for the dilaton. The 
real moduli (j)""^ describe the vevs of the scalars of the 6D J\f = 2 vector multiplets 

6D Af = 1 formalism 

In the language of 6D M = 1 supersymmetric representations, the Maxwell supermulti- 
plet V6DAr=9 = ( 1, ■^^,0'') , split into a vector V6da/'=i and a hypermultiplet HeDAf=i- 
We have 

V6V=2 = ^iDM=i ® ^6DX=i ' I=l,.:,n , (2.9) 



with the following fields content 



(2.10) 



As we see, the vector supermultiplets V^^j^^g have no scalars. The real scalar fields 
are all of them in the hypermultiplets j^^^, I = 1, ...,n. 
4D M = 2 formalism 

A more convenient way to deal with QD Af = 1 hypermultiplets is to use AD Af = 2 
superspace. In this AD Af = 2 language, the hypermultiplet fields content decomposed 
as follows, 

^6D,Ar=l = (|, 0'^)g^ ^4D,Ar=2 = (^1^, 0^^^^ . (2-11) 

A similar relation is valid for Vqd^=i which decomposes like 

V6i,,Ar=l= (l,|)g^ ^ V4D,A.=2= (l,i',02)^^ . (2.12) 

This reduction is obtained by decomposing QD vectors as AD vectors plus 2 scalars. The 
QD spinors; say split equality into a AD Weyl spinor and its complex conjugate 
Oai like. 



r)i<.<4 ^ I ^. I • (2-13) 



a=l,2 



Hypermultiplets couplings in 6D M = \ supersymmetric gauge theory can be then 
conveniently studied in the framework of the J^D Af = 2 HSS formalism [10] where 
several results have been obtained. Below, we give a brief description of the 4D Af = 2 
HSS and make comments regarding our purposes. 
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2.3 General on HSS in 4D 

In the HSS formulation of 4D J\f = 2 hypermultiplet theory, the ordinary superspace 
with SUr{2) R-symmetry, 



(a;^^l,r,) , i = l,2 , a, a = 1,2 , (2.14) 

gets mapped into the harmonic superspace — (y'^,0~ ,9^ ,uf^ , with an analytic 
sub-superspace parameterized by the super-coordinates 



Y-=(y^,e^,eTj, (2.15) 

and 

Ot = ut9l, a ^1,2 , (2.16) 

9t = ,d=l,2 

where uf are the harmonic variables satisfying the relations u^'^u^ — 1 and vr^'^uf — 0. 
The hypermultiplets are described by an analytic HSS function = {X^u), 



i^+$+ = , Dr^+ = Q , (2.17) 

^ and = 



with covariant spinor derivatives as — ufDl, £)+ = j^r^ and — The 



superfield satisfy as well the property 

= $+ . (2.18) 
In this relation D° is a /7 (1) charge operator given by 

D« = S°+(»+5f.+rj,)-(rJ.+rj.) . (2.19) 
It generates, together with the two following operators 



= u^'^.-'2i9^<J^0'^d^-2i9+^^-2i9'^^§^ , 



= u-'^,-2i9-a^9 d^-2i9-''j=-2i9 ^ , 



(2.20) 



where we have set r — + ix^, the SUr (2) symmetry. In particular, we have the usual 
commutation relations of the su (2) algebra, 

= +2D++ , 
] = -2L>-- , (2.21) 
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These operators play a crucial role in the HSS formulation of AD M = 2 supersymmetric 
field theory and obey the reality property 

D++ = D++ , D° = D^ , D— = . (2.22) 

The 9~^- expansion of the HSS hypermultiplet superfield reads as 

= q+ + e+^F- + e^^G- + i9+''9^"B-.+9+^e^\— , (2.23) 

where we have ignored fermions for simplicity. Notice that the components, 

F- = F-{x,u) , 

G- = G-{x,u) , (2.24) 

are auxiliary fields scaling as a mass squared; i.e {massf' . The extra remaining one, 

/\— = /\— {x,u) , (2.25) 

is also an auxiliary field; but scaling as {massf . All these auxiliary fields are needed to 
have off shell supersymmetry; in particular for the computation of eqs fll.lOp . We also 
have 

^+{Y,u) = t + 0^''G- +9^^F- +i9+''9^''B^^ + 9+^9'^^A— , (2.26) 

where (~) = (*) stands for the twild conjugation preserving the harmonic analiticity 
|10j . Moreover, the component fields JF'^ = JF'^ {x,u), with Cartan charge q, can be also 
expanded in a harmonic series as follows: 

:FHy,u) = E:r=o<.x,^r---..)-^^"---^"-^'^'^---^"^(?/) , (2-27) 

where we have taken q > and set for convenience 

) = . (2.28) 

{ll...tn + q Jl J") (n *2 t-n + q Jl Jn) ^ ' 

HSS hypermultiplet action 
Following [To] , the HSS action S describing the dynamics of interacting hypermultiplets 
and their conjugate has the form 



Sn = j d^x(^j du j d^9+Ct' {^^: ) 



(2.29) 



^The twild (~) is an automorphism combining the usual complex conjugation (— ) and the conjugation 
(*) of the charge of the U (1) Cartan sub-symmetry of SUr (2). 
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where d'^6~^ = d?6^cP9 should be understood in the usual way; that is as the derivatives 
d^O^ ~ (D^^-D^) (^D^D This integral measure captures four negative charges. As 
such, the SU (2) invariance of S requires the Lagrangian super-density to carry four 
positive Cartan charges and reads as 



mt' 



with hypermultiplet self interactions given by 



r4:+ 



A r 

'2 



(2.30) 



(2.31) 



where as in eqs fl2.3l) . The coupling constant matrix A/j has been factorized as Xgij. 
The scale A can be interpreted in terms of the black hole horizon radius. For n = 20, 
the matrix gjj can be interpreted as the intersection matrix of the 2- cycles of the real 
second homology of K3. 



3 U(l) supersymmetric model 

In this section, we study the scalar field self- couplings for the simplest case of 6D M = 2 
supergravity with one {n=l) Maxwell supermultiplet Vqd,n=2- This study has been first 
considered in [32]; but here it will be used as a first step towards the derivation the 
U" (1) extension of the Taub-NUT geometry. We also take this opportunity to give a 
geometric interpretation of the harmonic superspace prepotential 

^^:„h-NTTT = -^f^^$^)', (3-1) 



"taub-NUT 2 

in the framework of lOD type IIA superstring compactification on complex surfaces. 
As noted earlier, the vector supermultiplet Vqd,n=2 has, besides fermions, the following 
bosonic fields: 

(1) A gauge field with the abelian gauge symmetry (11. II) . 

(2) Four real scalars (j)"' parameterizing the real scalar manifold (54 = ^so{l) • 

In the complex coordinates (f*,fj), the manifold gets mapped to the complex surface 

H - ^^(^'^^ r3 2l 

To deal with the underlying geometry of i?2, it is useful to freeze the dynamics of the 
gauge field and use the 6D M = 1 supersymmetric formalism. There, the real four 
scalars are all of them in the hypermultiplet 'HQDj\f=i (12.101) which in turn is conveniently 
described in the AD Af = 2 harmonic superspace formalism where several results have 
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been obtained. 

In HSS, the hypermultiplet is represented by the superfield (12. 23112. 261) : and its self- 
couphng is described by the action 

Si = Jd^x(^Jg,duyd^e+C^+(^<!>+,^+^J^ . (3.3) 
The Lagrangian super-density Cf^ is given by the supersymmetric Taub-NUT model 

Cl+ = <l+D++$+-|(<l+<l'+)' , (3.4) 



where A is a coupling constant to be interpreted later in terms of the mass M of the 
Taub-NUT black hole (A ~ M~^). The HSS Lagrangian density (13.4!) is invariant under 
the abehan global U (1) symmetry (12. 5p 

$+/ = giA$+ ^ 1,+/ ^ g-iA|,+ ^ (^3 5) 

with super- parameter A constrained as D^^A = 0. As noted before, this symmetry can 
be promoted to a local gauge invariance 

D++A ^ (3.6) 

by coupling the hypermultiplet to a 4D J\f = 2 Maxwell gauge superfield V'^'^ with 
the abelian gauge symmetry 

V++' = - D++A . (3.7) 
Below, we shall not develop this issue; and focus just on the U(l) global gauge invariance 

of (^$+,<l>+). 

To get the explicit component field expression of the action, we have to integrate eq fl3.3l) 
with respect to the Grassmann variables 9'^ , then eliminate the auxiliary fields through 
their eqs of motion and finally integrate with respect to the harmonic variables. These 
technical steps are a little bit cumbersome; they are collected in appendix A. 
Using the results obtained in appendix A, we can put the superfield action (13.3!) into the 
following component field one, 

5i = ^ y d'^x {g,,d,rd>'P + g^^d^Ud'^fj + 2/i|a^f 9%) , (3.8) 



with. 



2 ( 1+Aff ) * 



9" = r^"' ' (S'S) 

( 2+ Aff) 



hi = ^] (1 + Aff) - l^f^f. 
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Before proceeding ahead, let us make three comments: (1) Using the following variables 
change mapping the complex coordinates to the real ones (r, 9, if), ip), 



f 1 = pe'^(i'+^) cos I 
f 2 = pe^i^-^) sin f 



(3.10) 



with 



the Taub-NUT metric 



becomes 



p2 = 2(r-M)M , r>M=^ , (3.11) 



rfs^ = 2hidrdfj + gijdfdP + g'^dUdij , (3.12) 



ds^ = 4^dr^ + 2^^(dV' + cosM^)^ 
2 (r - M) (r + M) ^ ^ 

This expression of the metric is precisely the standard form of the Taub-NUT metric 
where the singularity is manifestly exhibited in real coordinates [34j. Moreover, from 
(13. lip , we learn that the coupling constant A is proportional to the mass M of the Taub- 
NUT black hole with horizon at r = M. Notice that the origin of the conic field variable 
p = corresponds exactly to the singularity r = M. So, the field modulus p can be 
interpreted as describing fluctuations near the Taub-NUT horizon. 
(2) The metric (13.121) can be rewritten in an other equivalent form as follows: 

ds^ = G',,,,^dr , (3.14) 

with standing for the SU (2) x SU (2) doublet (f*,fi) and where the tensor Giajp is 
given by the 4x4 matrix, 

- (I ^ ) ^ (3.15) 

This way of writing the metric Gi^jf^ is interesting since it allows to express it in terms 
of vielbeins E'fj as Giajis = Ef^EfpSkie^s with 

/ s>i{2+xfi)-xuf x!,f \ 



2\J 1+Aff 2-\/l+Aff 
Af,f* 5,*(2+Aff)+Af,f^- 



(3.16) 



\ 2a/ 1+Aff 2Vl+Aff / 

Following [32], the hyperKahler 2- form reads as, 

= j^.{e,sEf:E%)dCNde . (3.17) 
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As we see, this 2-form is given by the irreducible isotriplet factor of the following reducible 
quaternionic 2- form 

fi^' = dC'-Ade'lT^e.sE^^Elf,) . (3.18) 
The extra irreducible term, namely the isosinglet 

= Vl'^^Skii 

can be also written as d^^"" A d^;'^ ^ i+Ap^ ^i»ji3^ ■ As we will see in the discussion section, 
this term may be interpreted in terms of the flux of the NS-NS antisymmetric B- field. 



4 Quaternionic 2- form 

In this section, we want to give a geometric interpretation of the Taub-NUT geometry 
discussed in the above section in terms of the periods 0" of the quaternionic form il" 
like, 

r = ic,^" , (4.1) 

where the real 2-cycle C2 will be specified later on. 

Using the homomorphism SO (4) ~ SU (2) x SU (2), we can rewrite the field moduli 
and the quaternionic 2- form Q"" like, 

'^l' (4.2) 

a=l 

The analysis to be given in this section can be also viewed as a first step towards the study 
of the [/" (1) supersymmetric model based on the moduli space (11. 2p . The non linear 
[/" (1) supersymmetric sigma model in six dimension and the underlying hyperKahler 
metric (I3.12p will be studied in the next sections. 

To that purpose, we first study the quaternionic 2- form by borrowing methods from 
Kahler geometry and type II superstring compactification on Calabi-Yau threefolds. 
Then, we consider the derivation of the HSS potential (11. 5p . 



4.1 Quaternionifying the hyperKahler form 

We begin by describing the complexified Kahler 2- form in type IIA superstring on 
Calabi-Yau threefolds. Then we study the case of lOD type IIA superstring on K3. 
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Complexified Kahler 2- form 
In lOD type IIA superstring on Calabi-Yau threefolds X3, the usual Kahler form on X3 

K = , (4.3) 

gets complexified by the implementation of the NS-NS B- field as follows 

J = Bns + iK . (4.4) 

The Kahler moduli z"" capturing the Kahler deformations of the Calabi-Yau threefold 
are given by the periods 

^ J, (4.5) 



where is a real 2-cycle basis of the second homology of X3. The holomorphic prepo- 
tential F {z) is given by 

= /^^JAJAJ , (4.6) 
which, up on using the tri-intersection tensor date, gives the well known relation 



h 



(1,1) 



13 
a,b,c=l 



F{z) = E dabcz'^z'z' . (4.7) 



Below, we will show that the analog of this relation in the case of lOD type IIA super- 
string on K3 is precisely given by eq fll.51) . 

From HyperKahler 2- form to quaternionic VL°' 
To begin recall that in the case of the complex surface K3, the complex 2- forms 

n+ = l](2,o) ^ f]- = f](o,2) ^ (4.8) 

and the Kahler 2- form 

= , (4.9) 

are in the same cohomology class (-^3). This property reflects the fact that K3 has 
a hyperKahler structure described by the isotriplet 

/^]+ \ 

= fio . (4.10) 

In lOD type IIA superstring on K3, the hyperKahler 2- form Vt^'^^'^ gets quaternionifled 
as follows 

= , (4.11) 
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where the singlet B^s stands for the NS-NS antisymmetric 2-form B- field of the non 
chiral 6D M = 2 supergravity theory. The above relation can be also put in the equivalent 
form 

= jzaip^^ , (4.12) 

a=l 

where af^ are the usual Pauli 2x2 matrices. 
4.2 Periods 

The scalar fields (f)""^ of the hypermultiplets 'H%d,n=i (12. 9112. Ill) have a geometric inter- 
pretation in terms of periods of the above quaternionic 2-form We have 

< = /c|^" > (4-13) 

where is a generic real 2-cycle of the H^^'^^ (KS) Dalbeault homology of K3. For a 
given 2- cycle C2, the above relation simplifies as 

r = Ic,^" , (4.14) 

and is associated with Taub-NUT geometry. Indeed, using eq (l4.12l) . we can rewrite the 
above relation like, 

TP = Uc,^'' ' (4-15) 

where we have used the complex coordinates (p^^ = i Tp . Multiplying both sides of this 
relation by the harmonic variables u^W^ , we can put the it in the form, 

fV = , (4.16) 

with w^^ = f^f+ and 

W++ = ulu[i r , 

satisfying the obvious identity 



^+i_^w++ = 5++W++ = , ^ ' ' 



which should be associated with the conservation law of the HSS current (18.21) . Thinking 



about eq (l4.16p as the leading 6^- component of (18. 3p . we can promote it to the 

following superfield relation 

T++ = f T++ 

(4.19) 
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satisfying 

D++T++ = , D++J++ = . (4.20) 

Moreover, denoting by uj the real 2-form which is dual to the 2-cycle C2 involved in 
(El; 

/c.^ = 1 ' (4-21) 

with the normalization 

f^y.u^Au, = 1 , (4.22) 

then we have 

J++ = = i<|^$+a; . (4.23) 

Now computing the analog of (14.61) . it is not difficult to see that the HSS Lagrangian 
(II. 6p may be defined as 

^r = |/cy2^++Aj++ . (4.24) 

Substituting J'^^ by its expression T^^oj and using the normalization (14.221) . we obtain 
precisely the HSS potential of the Taub-NUT model namely 

£+4 = |(r++)' = -1(^1)^$+)' . (4.25) 

Now we turn to study the generic case. 



4.3 Deriving the HSS prepotential (11.51) 



The above analysis extend naturally to the case of lOD type IIA superstring on K3. 
There, eq (l4.19p and the hypermultiplet coupling Cf^ (14. 24114. 2 5|) generalizes as follows: 
(i) Instead of one super- current we have twenty HSS conserved currents T~^~^^ , 

D++T++^ = , / = !,..., 20 , (4.26) 

given by 



rp++i = iTr(<^ H^^+j . (4.27) 
They are expressed in terms of the twenty hypermultiplets 

, ^\ , v4=l,...,20 , (4.28) 

and the Cartan generators {H^^ of the U (20) isotropy group of the scalar manifold 
s[u(2)x'ui2o)] ■ Similarly as in eq (l4.19p . we also have 

T++' = JciJ''^ , / = 1,...,20 , (4.29) 
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where C2 is a generic real 2-cycle of Ti.^^'^^ (-^3). Using the duahty relation, 

Ic^u;k = S'^ , (4.30) 

and the intersections, 

Jj^^LJjAu;j = gij , (4.31) 
with real intersection matrix gjj = gjj, we can rewrite the HSS 2- form J'^'^ like 

20 20 / , X 

J++ = £ T++^u;i = £ iViTif^ H^^+) . (4.32) 
Furthermore, using fl4.24p . we can compute the HSS prepotential 

4o+ = UksJ^^^J^"- ■ (4-33) 
Substituting J'^^ by its expression eq fl4.32l) . we obtain the following HSS Lagrangian 
density, 

Ct^ = I (^f:_^9KLT++^T++^^ , (4.34) 



or equivalently 

20 

E 

i,j=i 



^to = -I E [Tr(<l+i/^<l>+)] (7i^i.[Tr(<l>+i/^<l>+)] . (4.35) 



In the next section, we compute the metric associated with this HSS Lagrangian density. 
Below, we relax the above hypermultiplets self- coupling fl4.35p to generic integers n > 1 
dealing with the scalar manifold (11.21) . The corresponding HSS prepotential will be 
denoted as C^. 

5 (1) supersymmetric model 

In the Af = 1 formalism of the Coulomb branch of the non chiral 6D Af = 2 supergravity 
with generic n Maxwell supermultiplets (12. 9p . the self- couplings of the hypermultiplets 
is given by the Lagrangian density, 

Ln (x) = Jg2 du Cn [X, U) , (5.1) 

with 

(n n \ 

Hd++<^+^ + f 9klT+^''T+^'^ , (5.2) 
A=l K,L=1 / 

where the if^'s are the generators of the U (n) group and T++^ = — iTr ^$+i/^<l>^ 
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5.1 Symmetries 

The HSS Lagrangian density (15. 2p has the following continuous symmetries: 

(1) It has a manifest 4D M = 2 (or equivalently 6D M = 1) supersymmetry captured 
by the superfield formulation. 

(2) It has a manifest SUr (2) symmetry captured by the charges of the harmonic variables 
u^. The total charge of £„ should be zero knowing that the charge of the measure is 
Quc(i) {d'^d^) = —4. This charge is balanced by the charge of the HSS prepotential; i.e: 

Qucii) {^n'^) = +4 since 

[D°,/:r] = 4/:r • (5-3) 

The SU R (2) invariance will be explicitly exhibited after integration with respect to the 
harmonic variables u^. 

(3) It has a manifest [/"(I) global invariance acting by changing the phases of the HSS 
superfields as follows, 

with 

^ = ELiA/i^^ , [i7^$+]=g>+ . (5.5) 

To be more explicit, we choose the charges gj^ of the hypermultiplets with respect to the 
[/ (1) generators as follows: 



/ 1 


-1 





... 





o\ 





1 


-1 


... 

















■•• 

















1 


-1 





1 1 


1 


1 


1 1 


1 


1 / 



(5.6) 



(4) It has a manifest global U (n) invariance acting by n x n unitary matrices U and U"^ 
as given below 

$+' = [/ $+ , = <|+t/t , (5.7) 
with WU = I. Before going ahead notice the two following: 

First, the group [/" (I) of eq (l5.4p is the maximal abelian subsymmetry of the U (n) group. 
Its local version (D++A/ = 0) is associated with the Coulomb branch of the 6D M = 2 
supergravity theory. 

Second, the U (n) invariance allows to extend eq fl5.2p to the more general relation 

K,L K,a /p. ox 

a,/3 
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where gxa and gap are coupling constants, T++^ associated with the Cartan basis as in 
eg (14 .271) and where 

rp + + a ^ rp^ f^+E''^ + ) . (5.9) 



In this relation, the E"' matrices stand for generic step operators of the U (n) isotropy 
group. Recall in passing that the set {H^ , E"^ define the n + {v? — n) = generators 
of the u (n) algebra. Invariance under U (n) follows from the trace property 

Tr (^f/$+^"<l+f/t) = Tr (^$+£;"l>+) . (5.10) 

Below, we focus our attention on eq fl5.2l) : i.e gxa = da/s = 0; but notice that the general 
case where gxa 0, gaf3 7^ is also an interesting issue as it concerns the non abelian 
extension. 

Equations of motion 

The equations of motion of the hypermultiplets and following from the variation 
of the Lagrangian density (15. 2p . can be put in the form. 



(D++ - Ar++) $+ = 
(D++ + AT++) $+ = 



(5.11) 



with 

n n 

T++ = J2t^+H' = Y,T+^'Hj , (5.12) 

1=1 1=1 

and where we have set 

Hj = g,jHJ , T^+ = g,jT++J , gijg'^ = 5f . (5.13) 

Expanding and as in eqs fl2. 23112. 261) . we can write down the component field eqs 
of motion. To that purpose, it is interesting to expand T++ (15.121) as 

-T++ = W++ + ^+2M + ^^^N + ie+a^'Tk. + e+'^T'^V— , (5.14) 
i 

where, for simplicity, the fermionic contribution have been dropped out and where 

n n 

W++ = Y^^^^'Hj , A, = , 

n n 

M = ^M^Hi , N = ^N^Hi , 



(5.15) 



/=1 7=1 



with 





q+H^q+ 




= 


(q+H^F~ 


- G-H^q+^ 


N' = 


[q+H^G- 


- F-H^(f)A 


K = 
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(5.16) 



as well as d^^w^^^ = and d^^Aj^ = 2id^ (w^^^). Then put these relations back into 
eq flS.llI) . we obtain the component field eqs of motion: The leading term in gives, 







(5.17) 



where w^"^, valued in the Cartan subalgebra of the U (n) group, is as in eqs( ]5.15ti5.16p . 
The term in 6^a^9^ gives. 



(5.1^ 



where w^^ and are given by eqs flS. 15115. 16p . The terms in 9^"^ and O^"^ give the 
equations of motion of the auxiliary fields F~ and G~, 



[d++ - \w++] G- - AiVq-t 



2<9,q^ 
29^q^ 



(5.19) 



with r = {x^ + ix^). These fields are irrelevant for the determination fll.lOp . They will 
be ignored below. 

The last relation corresponds to the term 6^"^ 6^"^] it gives the space time dynamics of 
the propagating scalars; this equation is also not needed for the determination of fll.lOp . 



5.2 Solving the constraint eqs( l5. 171^5. 181) 



The working of the solution of eqs (l5.17p and (15.18P is very technical. For simplicity, 
we will focus below on the main steps and focus on the results. The details of the 
computations are presented in the appendix B. 

The solution of eq fl5.17p expressing q"*" (x, u) in terms of (f* (x) , f j (x)) and the harmonics 
uf reads as 



2 n 

u+i' exp I I E u+^u-^ 

kl=l 1=1 



Tr f Hjf 



(5.20) 



u+f exp ( ^ ^ u+Ui^ 

k,i=i 1=1 



Tr i Hii^ 



In the limit where the coupling constant A — > 0, we recover the free fields q"*" = ufP (x). 
To get the solution of eq fl5.18p . we need several steps (see appendix B for details): First 
use the [/" (1) symmetry to make the change 



(5.21) 
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where w is as in eq (l9.2p and where is the new auxihary field satisfying the differential 
equation, 

a++C^-AV^ = 2V^f+, 

d^+C-^+XA^ = 2V^f^, (5.22) 

with 



V^f+ = [d, + X{d,w)]f+ 
V^f^ = [d,-Xid,w)]r 

We also have the decomposition = X]/=i ^i^j with 



(5.23) 



4 = C;HH++rH^C; . (5.24) 

The next step is to use the identity AA^f+ = Xd^^ ("^^m^^ + ^m""^ solve eqf l5.22l) 

like, 

= 2d,f- + xd,r + x{d,w--)f^ , 

= 2d;i -AV ~X{d^w-)f^ . 

To determine the quantity i?^, we have to compute the term f^iZ-'^C^ + C^HH^ by using 
eqsf l5.25p and derive a constraint equation that allows us to fix 'd^. We have 

(5.26) 



CH^C^ = 21 H^d^f' + X'&^j R H^H-^f-) + 2Xd^Wj- [i H^H^i 



= 2d^fHH+ - Xd^j [f HH+ ) - 2Xdf,Wj- { fH-^H'f+ 



For simplicity of the equations, it is convenient to introduce the following conventional 
notations: 



B 



with 



Q}^=(if,)^f^^ , 

q]^ = i,o{H')l , (5.28) 
Using these fields, one can build the following composites 

QifiQ/^ 5 Q/^Qj_B ) Q/^Qj*^ 5 QjbQid ■ (5.29) 

For n = 1, the unique Cartan generator reduces to the identity operator. Hi = I, the 
fields Q)^ reduce down to P and eqs fl5.29p to 

Q}-^Qf f^f^ , Q^^Qi ^ f,f, . 
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Using the field moduli and Q^, we can rewrite eqsf l5.26p like, 



(5.31) 



Next, adding the two relations and using eq fl5.24p . we get 

SjK = < ' (5-32) 

with 

Using eq fl5.27l) . these relations can be also put in the equivalent form 

vl={i'H'd,U-UH'd,i') , 

Then, the solution of reads as, 

^i = Tivl , ^/4 = '5^ • (5-34) 
Notice that for the leading case n = 1, eqs (l5.33tl5.34p reduce to 

v'^^v^= {i%U - Ud.i') , S'j^8=[l + Af,f*] , 

and 

Notice moreover that because of the property liHjH^P = fiH^HjP, we have the identity 
The solution C^^ (x, u) and C^^ (x, u) read, in terms of Qj , as 



and 

= 29;f; - A^/i;^Q;^ - AQ^^Q-^^ (^^f^) 

-aq^,q/ (a,f-^) 



(5.36) 



(5.37) 



The harmonic dependence of the fields = ( 
follows 

C;^ (x, u) = n^qf (x) + u^^ujut^''^^ (x) , (5.38) 
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with 



^qfq.B {d,n + fOLQS^ (5.ff ) (5.39) 



Analogous relations for C^ia and C/t*''^'''^, Cf^(ijk)A are given in appendix B. 



6 Computing the metric 



Starting from the superfield relation (15. 2p and performing the integration with respect 
to the Grassmann variables and 6'^, we obtain the following component field action, 



^ J A=i ^ 



(6.1) 



This action still depends on the auxiliary fields B^"^ and the harmonic variables. To get 
the space time field action, 



Sn 



(6.2) 



we have to eliminate the B^^'s and integrate with respect the harmonic variables u^. 
Substituting B""^ and q"*"^ by of their expressions in terms of C""^ and f^^ given by 
eqsf l5:20]l5:2T]l5.36y5.37l) . we can put 5„ as 



with 



Ln2 (x) 



S = ^ J d'^X [Lnl {x) + Ln2 {x)] 



f,, du {c;,^dn\ - c-Adn^A 



(6.3) 



(6.4) 



= -A du [(QL,C/ + C^^QI^ j {d^w^)_ 
and as in eq (l8.8l) . 

Substituting and C^^ by their expressions in terms of the propagating fields and 
integrating with respect to the harmonic variables, we find, after some algebra given in 
appendix B, subsection B2, that L„i reads as 



(6.5) 
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with 



—I . ^j— ^iDi 



UkC,lD - ^iQlDjQkC 



In the particular case where n = 1, these quantities reduce to 

\fl _ 2f'ffc , r'r _ ri 



A similar analysis shows that the term L„2 eq fl9.38l) has the form 

Ln2 = -IU'^''''d^hcd''liD - ^UkClDd^f'^'d'^f^' 



with 



UkC,lD = f {^IcMkD ~ QciQiD^kl^ y 
QkClD^ X|^QlCQkDI_(>^Cq^DI^kl^^ 

In the case n = 1, these tensors reduce to 

the (1) hyperKahler metric 
Adding eqs fl6.5ti6TB]) and eqs fl6.8ti6T^ . we get the total Lagrangian density 



with 

gkC,lD _ _X ^kC,lD j^QkC,lD\j 
9kC,lD = ~| {UkC,lD + UkC,lD ^ 
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Substituting N'l^'^ and N'l^c by their expressions fl6.6H6.9p and using the relation ^/ 8 



JpK 

J 



6f, we get the following explicit field relation of the metric components: 



'he 



-4 {Sc + lQ^CIQ'''') 
A -E-J 



~^ ^ID I cKT\'- nDK 



+ 2^ I ( QfccQj + Qc/Qa 



(6.13) 



and 



-,kC,lD 



9kC,lD — I-^/ [QlDjQkC + ^fQlClQkD + ^jQciQiD^kl 



(6.14) 



In the special case n = 1, these relations reduce to, 



hi- 
9ki 



-26i (1 + Aff ) + A 



Ui 



A 1+(1+Aff) 
2 1+Aff_ 
A l+(l+^fO rfcW 
2 1+Aff 



1+(1+Affj 
1+Aff 



f'ffc 



(6.15) 



where we have used the identity f'ffc = f'ffc — (ff). Comparing this expression with 
eq( 13.9p . we recover exactly the Taub-NUT metric. 

Furthermore substituting Q}^ and Q^^ by their expressions in terms of P"^, liA and the 
Cartan matrices Hj, we can rewrite the metric components /ij,^, g^*-^^^ and 'Qkcw 
follows : 



component h 



ID 
kC 



UD 

'he 



+5i (s^ + fUAi'^'gu {HXiH')s 



A 

2-^1 



(6.16) 



where the n x n matrices £j and J-'y are given by 



gf = [Sj + ATr (iHiH-^f)] , Sfj^f 



K 



(6.17) 



(ii) component g 



kClD 



gkClD ^ ^X^jrJ [f.Af^ ( ^jjL^C 



+ A^J fMf.B ^^^^^^ (^L)- (^A-) 



+ 1^/ 



(6.18) 
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(iii) component g^cw 

9kClD = 



+ 1^/ (iiAikB \sfgiL {H% {H^) 



which just the hermitian conjugate of g^^^^ , In the hmit A 
field theory and for n = 1 the Taub-NUT geometry. 



(6.19) 



-> 0, one recover the free 



7 Conclusion and discussion 

Freezing the dynamics of the dilaton a and using rigid harmonic superspace (HSS) 
method, we have computed in this paper the exphcit expression of the metric of the real 
eighty dimensional moduli space of the lOD type IIA superstring on K3. This 

hyperkahler metric has the following form 

2/20 _ _ _ \ 

dslo = E E 2hij,df''^dlA + g''''^dhBdfiA + gkBiAdf'''df>^''] , (7.1) 

k,l=l yA,B=l J 

and should be put in correspondence with the Kahler metric of the Coulomb branch of 
the moduli space of lOD type IIA superstring on Calabi-Yau threefolds, 

'^'^Kahler ^ ^ gahdz^dz , g^i = -^^^ . (7.2) 

a,b=l 

We have also shown that the metric (17. ip is a particular member of a family of hy- 
perKahler metrics (16. 16116.191) of dimensional manifolds with [/" (1) gauge symmetry 
whose leading term is given by the well known real four dimensional Taub-NUT geom- 
etry associated with eqs (ll.7tilT8|) . 

The dynamics of the dilaton a can be directly implemented in the supergravity field 
action along the line given in [8]. In particular we have for the moduli space SO (1, 1) x 
smixum) following result, 

dsj^ = {daf -e-^^dsl^ . (7.3) 

With the analysis given in this study, we have learnt as well that supersymmetry plays a 
central role in the metric building of the moduli spaces 

M2d and M'^^' of the Coulomb 
branches of the 4D M = 2 and non chiral 6D M = 2 supergravity theories. We also 
learnt that the constructions are quite similar. 

To explicitly exhibit the similarities between the ways to get the two kinds of metrics, we 
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give below a comment regarding this issue. First, we recall the geometric set up of the 
moduli spaces M^^"^ and -M^^ of the two supergravity theories. Then, we describe 
the way the metrics of the scalar manifolds M^^"^ and iVf^^ can be engineered by 
combining geometry and supersymmetry in and 6D respectively. 

(1) Geometry of scalar spaces 
First recall that moduli space of lOD type II superstring on Calabi-Yau threefolds has 
two branches: a Kahler branch with scalar manifold M^^"^ and complex a one with a 
hyperKahler structure [35l |36]. Notice also that in lOD type IIA superstring on K3, 
the scalar manifold M^^"^ is hyperKahler since complex and Kahler deformations of the 
metric combine to make a hyperKahler structure. The general picture giving the 4D/6D 
correspondence is schematized in the following table: 



4D Af = 2 sugra < — > 


6D M = 2 sugra 






Type II on CY3 


Type IIA on K3 






Kahler 




Kahler 


complex 


hyperKahler = 






complex 


Kahler 2- form: ^2^'^^ 






r 


holomorphic form: i^g^'"^ 


hyperkahler: fi'-*-'-' 


\ 




antiholomorphic: fig''''^^ 









Notice that in the case of K3 compactification, Kahler and complex 2-form on K3 are in 
the same cohomology class. 

(2) Kahler —>■ hyperKahler and beyond 
The Kahler and the complexified Kahler structures of the Coulomb branch of vacua in 
lOD type IIA on CY3 can be put in correspondence with the hyperKahler and quater- 
nionified hyperKahler structure of Mqd"^ as shown in the following table. 
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4D M = 2 sugra — *■ 


6D J\f = 2 sugra 




J K abler: 


J HyperKahler 2- 


form: 


\ = K 






1 Complexified Kahler: 


J Quaternionic 2- 


form: 


I J = Bns + ^K 







where ' and fi*-*-''' are as in previous tables and where Bns stands for the NS-NS B- 
field. Notice the remarkable role played by the B- field in both cases. 



(3) Metrics building 

As it is well known, the Kahler metric g^], has a nice interpretation in 4D A/" = 1 
superspace. Denoting by a generic chiral superfield with leading component scalar 
field z'^] that is = z", the metric g^j^f, can be obtained by integrating out the 

Grassmann variables 9 in the following superspace relation, 



L(x) 



Jd^eic ($,$) 



(7.4) 



where /C ($, $) is the usual Kahler (super)potential. 

HyperKahler metrics are engineered in a quite similar manner; but now by using HSS 
method. There, the Lagrangian density L (x) is given by 



L(x) 



(7.5) 

is the harmonic superspace 



where $^ is a hypermultiplet superfield and C^^ 
Lagrangian density as in eq fll.3l) . 
The hyperKahler metric associated with eq fl7.5p is obtained as follows: 

(i) first integrate out the Grassmann variables O'^ ( \7.5h to get the typical relation (16. ip . 

(ii) Then eliminate the vector auxiliary fields B""^ through their eqs of motion. 

(iii) Finally integrate out the harmonic variables and end with eq fl7.ip . 

In the case of 4D/6D M = 2 supergravity theories embedded in type IIA superstring 
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compactifications, we have the following correspondence 





4DAf = 


2 sugra — > 


6D M = 


2 sugra 


moduli 


= icj 


J 


= /, 


2 












prepotential 


F{z) = 



where dabc are the 3-intersection numbers in the second homology of the Calabi-Yau 
threefold and gu the 2-intersections of H2 (-f^3, R). 

Moreover, using the fact that Kahler 2-form can be also expressed as K = |(J — J),we 
have 

/cj^ = II (^'^-^'^) • (7.6) 
Then, Kahler potential K, = K, ($,$) reads in terms of the usual 4D M = 1 chiral 
superfields and as, 

e'^ = I E dabc [^'^ - - - . (7.7) 

The analogue of the above Af = 1 superspace (or equivalently 2D Af = 2) relations in 
six dimensional space time can be also written down in 6D JV = 1 HSS or equivalently 
4D Af = 2 HSS. There, the analogue of eqf l7.6l) is obviously given by the hyperKahler 
isotriplet moduli 

0(^=0^ = /^.fiC^O . (7.8) 

In harmonic superspace, this can be achieved by multiplying both sides of (j)^-'^ = J^i J^-' 
by the harmonic variable monomial u^u^ to end with, 

0++^ = , B^se'^utu^ =0 , 

and then the hyperKahler potential. 



(7.9) 



i,J 



(7.10) 



In the above relation the HSS superfield T^^^ is given by the following hypermultiplet 
composite 

r++^ = \Tr(^^+W^+^ , (7.11) 

where are the Cartan generators of the U (n) isotropy symmetry of the moduli space. 
The T+"^'^'s obey the HSS conservation laws 







(7.12) 
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and are interpreted as the Noether super- currents in harmonic superspace. This relation 
can be also stated as given by the sum of the two following relation, 



(7.13) 



These eqs are precisely the superfield eqs of motion, from which we can read the HSS 
superfield action for the hypermultiplets. 

We end this study by noting that the analysis given in this paper can be also used to 
deal with lOD type IIA on ALE spaces. 

Acknowledgement 1 This research work is supported by the programme PROTARS 
D12/25/CNRST. 



8 Appendix A: U(l) model 



To bring the superfield action (13. 3p to the component fields form (ll.lOp . we start by 
computing the hypermultiplet equations of motion. They are given by 



- A (^<l^$+) $+ = 
D++^ + A (^<l^$+) <|>^ = 



(8.1) 



Then identify the conserved Noether HSS current T"*'"^ 

= , (8.2) 

associated with the symmetry (13. 5p . The super-current T~^^ can obtained by multiplying 

the first relation of the system (18.11) by and the second relation by By adding 

both relations, we end with the HSS conservation law D^^ ^<l>^$+j = 0, from which 
we learn: 

T++ = 2$^$+ , f ++ = r++ . (8.3) 

Moreover, substituting the superfields and by their 9~^- expansions (12. 23112. 25p . 
we get the following component field relations: 

(a) the leading component {d~^ = 0) gives the field eqs of motion of A and its 
conjugate A : 

[5++q+_A(qV)]q+ = , 

[9++q+ + A (q+q+)] q+ = . ^ ' ^ 



30 



These are constraint eqs that fix the dependence of the scalar field q"*" in the harmonic 
variables uf; i.e: 

q+ = q+(x,M±) . (8.5) 

(b) the O^a^^O^ component of eq fl8.2l) gives the field eqs of motions of and : 

- A (q+q+)] - A ^q+B^ + B^:q+^ q+ = 2d,^+ , 
[a++ + A(q+q+)]B^: + A(q+B; + B^q+)q+ = 2a^q+ . 

(c) The and 6^"^ components give the eqs of motion of the auxiliary fields F~ and 
. But these relations are irrelevant for the explicit computation the metric fll.lOp . 

They are rather needed for the determination of the scalar potential that follows from 
the compactification from 6D down to 4D- 
The solution of eq fl8.4l) is given by, 

q+(x,n) = M+eM*(2;) , (8.7) 

with w {w = —w) given by 



d++w = f^f^ 
where the complex doublets 

f± = Mff' , i^ = uff , (8.9) 
are as in eqs fll.lOp . The solution of e( j8.6p is given by, 

B-^ix,u) = e'-C'^ix) , (8.10) 

The field C~ is given by 

c;: = 2a^f- + A V + Af+a^ (rf-) , (8.11) 

with 



p2 = f,f* 

To get this result, we proceed in steps as follows: 

(i) compute the 6*"^- expansion of ^^^^ by using (12. 23112. 26|) . We have. 



(8.12) 



|.^$+ = W++ + e+^M + e^^N + ie+a^'e^Ar, + 9+^9^^F— , (8.13) 
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with 



W++ 






M 


= (q+F- 


-G-q+ 


M 




-q+G- 


N 


= h^G- 


- F-q+ 


Am 







(8.14) 



and 



We also have 



- - p-F- - G-Q- - B^B-f" 

A„, = A 



w = — w 
M = -N 



P = -P 



(8.15) 
(8.16) 



(ii) use the HSS conservation law $+j = 0, which leads, at the level of the 

component fields, to: 

d++{q+q+) = 

d++A^ = 2d^{q+q+) . 

These component fields conservation laws require the factorization (18.71) : and allow to 
bring into the simple form 



(8.17) 



(8.18) 



(8.19) 



The second relation of above eqs shows that can be decomposed like 

A^ = d^ + 2d^w , 
= 

where 

w{x,u) = w+'uT^u;(^^) (x) , (8.20) 

is as in eq( 18.8p . 

The extra term -i?^ = (x) is an isosinglet; it is determined as follows: 

First perform the change B~ = e^^'C" to first bring eqs (18. 6 p into the simplest form 



a++c: + xAf 



2d;i' 



(8.21) 



Substituting, 



aX 

w 



d++ ( i>T + 2'i'^d^w- 



w 

\ (Ti- 



(8.22) 
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we obtain, 

= 29^f- + A V + 2Af+ , 

Multiplying the first eq by and the second by f^; we obtain 

f^C; = 2f^a^f- + Ai9^f^f- + 2Af^f+ {d^w— 
f+C; = 2f+a^r - Ai?^f+f" - 2Af+f^ {d^w— 

Then adding both eqs, we get, 



(8.23) 



(8.24) 



(8.25) 



from which we get the expression of "i?^ fl8.12p . 

Notice that using 2w = f f ~, we can split the field C~ (x, u) (18.231) as the sum of two 
irreducible components as follows 

= ^7^1 (x) + u-uJu+Cj^^''^ {x) , 



where 



,{ijk) 



2d,P + A^/ + ^d^P + ^dJk + 

xfiipdX^ + Af(¥a^f^) 



3 ^'^jL^k ~l~ 3 '^^I'-k 



(8.26) 
(8.27) 



Similar relations can be written down for C^i and C^i^ijk)- 
the Tauh-NUT metric 

By performing the integration of eq (ll.8l) with respect to the Grassmann variables 6^ and 
6^ , we first get 

A = i/^,6?M(B;a^q+-B;av) • 

Then using the solution (18.71) . we can bring the above expression to 



(8.28) 



2 /s^ 



(8.29) 



where we have used the identity = f^C^ + C^f+. 
Next integrating with respect to the harmonic variables u^, we obtain 



c^^d^^U - c;a^f, ) + 4aA<9^ (f(,f,)) ( f^'f- 



■j) 



where a 



|; and where we have used 



Jg2 du lu'^^u ■'I 



2^ 



].30) 



(8.31) 



Substituting by its expression (I8.27p . we get 



£1 



'1 



with gij, g'^ and hj as in eqs (l3.9p . 
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9 Appendix B: (1) model, n > 1 



In appendix Bl, we determine the solution of eqs (15 .17115. 181) and in appendix B2, we 
derive the exphcit expression on the component field of the metric of the moduli space 

50(4,20) 
5O(4)xSO(20)" 



9.1 Solving the constraint eqs (l5.17H5.18l) 

First we consider the solution of eq (l5.17l) . Then we deal with eq (l5.18p . 
Solving eg (15. 171) 

The solution of q"*"^, in terms of the fields doublets f^^ = uff*^, f^ = ufTj^ can be 
obtained by factorizing it as follows 



q^ 



(9.1) 



where w = w (f,f) is given by 



1=1 

I = iM+i^-Tr (fVf' + f'//^f 



(9.2) 



Notice that has a particular dependence in the harmonic variables; it captures an 
SUr (2) isotriplet representation, 



Wj 



^Tr irHji- + i Hji+ 



Notice also 



d wi 



w, 



Tr(i Hji+) , {d++fwi =0 



wj~ = Tr Hjf- ] , {d—fwi =0 . 
The solution of q"*" = q'^ {x^u) in terms of (f*,fj) and the harmonics uf reads therefore 



(9.3) 



(9.4) 



as 



q" 



exp I E ^ik^i) E 



2 "^(fc^O 
kl=l 1=1 



Tr f Hii 



exp I E E Tr f H,i^ 

k,l=l 1=1 L ^ 



Put 
Tu1 



(9.5) 



In the limit A — > 0, we recover the free fields q"*' = uf f* (x) 

Solving eg (15. 181) 
To get the solution of eq (l5.18p . we need several steps: 
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(i) Step 1 : We use the f/" (1) symmetry of the Lagrangian density and the equations of 
motion to make the change of field variables 



B, 



-XWQ 



(9.6) 

where w is as in eq fl9.2l) and where C~ is the new field to determine. This change of field 
variables allows us to bring eql lS.lSp into the form 



r 



AA^f+ 



2V^f+, 



where we have set 



We also have 



which satisfy 



V^f^ 



= [d^ + Xid^w)]i+ 
= [d,-X{d,w)]t 



2 

2d 



d„ if H'f+ 



Eq fl9.10p implies in turns ((9"*""'')^ Al^ = 0; and so can be solved as follows, 



The ^?f^'s are isosinglets, 







they will be determined in terms of the dynamical scalars f*"^. 
(ii) Step 2: We use the identity 



Xd++ (V + di.w-'f^) 



to solve eq fl9.7l) like, 



c: 



2a^f- 

2d;f 



X {df,w' 
X {d^vj- 



(9.7) 
(9.8) 

(9.9) 
(9.10) 

(9.11) 
(9.12) 



(9.13) 



(9.14) 



To determine d^, we compute ^f H^C^ + C^HH^ j by using eqs fl9.14p and derive a 
constraint equation that allows us to fix f?^. We have 



f H^C- 



2f H^d^^r + X'd^j [TH^H^r ) + 2XdaW 



2d~{ HH^ 




2Xd^wJ 



(9.15) 
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Before going ahead, it is convenient to simplify a little bit the above relations by using 
the following conventional notations: 

with 

^B ~ QisQ/^ 

From these fields, one can build the following quantities 



QjbQ/ 5 Q/ QjB 5 



(9.18) 



Notice that for n = 1, we have Hi = I, and the fields Q}"^ reduce to f* and eqs fl9.18l) to 

(9.19) 



(9.20) 



Using these new field moduli, we can rewrite eqs fl9.15p like. 

Next, adding these two relations and using eq fl9.9l) . we end with 

K = (Q^^'^^f^A - Q-A^.f'-^) - A< (Q.A,Q^^O ' (9-21) 
which can be also rewritten as 

^jK = (9-22) 



with 



Using eq fl9.16l) . these relations can be also put in the equivalent form 



(9.23) 



V 



(9.24) 



Thus, the solution of "i?^ reads as, 

i}i = :Fivl , TiS\, = 5'^ . (9.25) 
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Notice that for n = 1, eqs fl9.23ti9.25p reduce to 



£j ^ ^ = [1 + Afif ] 



(9.26) 



£J^ = 1 

Notice moreover that because of the property, 

UHjH'P = liH'HjP , (9.27) 

we have the identity 

Q^AjQ'^' = QLQf ■ (9-28) 

The solution {x, u) and C^^ (x, u) read, in terms of Qj , as follows: 



(9.29) 



(9.30) 



Like in eg (18. 261) . these fields obey {d ) C^^ = 0; they can be then decomposed in quite 
similar manner like 



C-^^{x,u) = u-Cif{x)+u^^^uJut/;"'^''{x) , (9.31) 



with 



J 



+tQS^Q {d,n + tOL'QS^ {d,if) (9.32) 



and 



Cfj,iA — - XJ^ivli,Q,iAj 



-iQijQf ' (Mb) - IQWaj (^.f.i^) (9-33) 



Similar relations may be written down for C^^^^^^ and C^i^ijk)A- 
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9.2 Deriving the metric ( 11.101) 



Performing the integration of eq fl5.2l) with respect to the Grassmann variables 9 and 
9^ , we obtain the following action, 



2 



S2 



(9.34) 



To get the space time field action, 



(9.35) 



we have to integrate with respect the harmonic variables u . 

To that purpose, we start by substituting B~"^ and q^"^ by of their expressions in terms 
of C-^ and f+^ fl9.5ll9.6ll9:29l) . Doing this, we can bring Sn to the form 



S = ^ J d'^x [Lni (x) + L„2 (x)] 

where we have set 

Lniix) = j,,du{c-/d^~C-C-^Ad''i^^) 

with as in eq fl8.8l) . Notice that using eq (l9.9p . we also have 

Ln2 



(9.36) 



(9.37) 



-A j du A^id^'w^^ . 



(9.38) 



As the integration with respect to the harmonic variables is technical, let us give details 
regarding the explicit calculations of Lni and Ln2- 
(1) Computing L„i 

Substituting C""^ and C^^ by their expressions (19. 29119. 301) in terms of the dynamical 
fields f^ and f^, we can determine L„i. The calculations are lengthy, we shall then 
proceed by steps. Setting 



(9.39) 



we first compute their explicit expression in terms of the dynamical fields f^ and f 



A=^i(f^,f^) , ^i = ^i(f^,f 



(9.40) 



Then we integrate with respect to the harmonic variables. 



38 



(i) Computing Ai and Ai 
Putting eqs fl9.29tl9.30D back into eqs flCTD . we obtain 



and 



Ai 



In these relations, J-'f and are given by fl9.22H9.25l) and Q^j and Q"^"^ 
eqsf l9A6m8|) . 

(ii) Integration over S'^ 
The integration of the above eqs with respect to the harmonic variables gives 

J^,duAi = CjfdHiA , Js2duAi = C^iAd^'f''' , 



where 



and 



For later use it is also interesting to rewrite these relations as follows: 



with ^ 



Cl^df^iiA 



= |, and 
C^iAdf'i' 







+2^A 
+2^X 



ciA 



d^^iiAdn 
-2^A 

+2eA 

Subtracting the two terms as in (19.371) . we obtain 

Lnl = 

+4eA 

-2^A 
-2^A 



IkJ 



Q^flDgt^^kC 
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Using eqs fl9.22ti9.25|) and the identity 



we can put Lin like 



where we have set 



^iQ,''fQkc + ^iQkcjQ 



IDI 



+8e(QcQ^ 



kj 



( Q;cQ!f ) ^\ 



u 



kClD 



J ] "fc 



■jjkClD 



4^ (^Q«dQcj j ^fcz 



/ QlDjQkC 

In the particular case where n = 1, these quantities reduce to 

^^8^{fik-5[ m 

4e (hi) 



K 



u 
u 



1+Aff 

fjffc 

1+Aff 
1+Aff 



+ 4^ (f 'f 



where ff stands for fjf* and ^ =|- 
(2) Computing L„2 eq flOSl) 
Using eqs (l9.29tl9.3a]) . we have 



and 



Putting these relations back into A^/ = ( Q^/C^^ + C^^Qj"^], we obtain 



A 



III 



2 ( Q^,a^f-^ + Qt%r, 
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Moreover, using the following identities 







QajQ/ 


= QaiQj^ 




= QaiQj^ 



the above expression of A^j gets reduced to 

Now using eq (l9.38p . and substituting A^f, we have 

Ln2 = -XJs.du\j:]^,2(q''^jd,i-^ + qt%l2)d^^'' 



The term AjF/t;^ (QiAjQ/^) d^w' drops out because of the property J^j du 
By integration by parts, we can also put L„2 in the form 



u7. 



L 



n2 



w 



Substituting w 



Q f = f Q ^, we get the following 



L 



n2 



-A 
2 



where we have set 



w 

kC 



8XC ( Qc/Qr - QraQ'^^'^i 



UkC^W — 4A^ \ Q,lcMkD ~ QciQiD^kl 

In the case n = 1, these tensors reduce to 



^1 


= 8Xi(fh 


^kl 


= ^X^ih 


Qkl 


= 4A^f'f^ 



the [/"(l) hyperKahler metric 
Adding eqs flQ. 49119. 50p and eqs fl9.59H9.60p . we get the total Lagrangian density 



kc 



with ^'^^'''^^ g^^i^ and h^^^ as in eqsf l6. 16116. 19p . 
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